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Abstract
In the present article the linear mass density λ for vertically suspended heavy springs is calculated
for two different cases. First for a spring of invariable length suspended at the top and fixed at
the bottom of the spring, then for a hanging heavy spring with an additional load. Both cases are
solved by minimizing the total energy E[λ] which is a sum of potential energy and energy due to
the deformation.
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I. INTRODUCTION
Hooke’s law for ideal springs is a recurring subject in elementary physics courses. In
most textbook problems the mass of the spring itself is neglected. An interesting question
arises when one asks for the static deformation of the spring when it is suspended vertically
with or without a mass hanging at the free end. Due to its own weight and the loaded
mass the spring deforms in a non-uniform way giving rise to a non-constant mass density
function λ(x). The issue of heavy springs has already been treated rather intensely by
various authors.2–4,6–8 However, an explicit formula for the linear mass density of suspended
heavy springs does not seem to occur in the literature. The issues presented in this article
are nicely solved by the standard methods of variational calculus.1,5
II. SUSPENDED SPRING WITH FIXED ENDS
In this section we consider an ideal spring of mass m, natural length l0 and stiffness k.
The spring is vertically suspended where both ends are fixed at a distance l > l0.
FIG. 1: vertically suspended ideal spring of stiffness k, natural length l0 and mass m with fixed
ends. The spring has in its stretched form a length of l. The spring’s linear mass density in its
undeformed state is λ0 =
m
l0
. In its suspended position, the spring’s linear mass density λ(x)
increases from top to bottom due to its weight.
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To find the linear mass density λ(x) one minimizes the energy functional Etot[λ] which is
given by the sum of the potential energy Epot and deformation energy Ed:
Etot[λ] = Epot[λ] + Ed[λ] (1)
The potential energy formulated as a functional of λ(x) is given by:
Epot[λ] = −g
∫
l
0
xλ(x)dx (2)
The energy functional Ed[λ] due to deformation is given by:
Ed[λ] =
kl0
2
∫
l
0
(
λ0
λ(x)
− 2 +
λ(x)
λ0
)
dx (3)
One has to minimize Eq. (1) under the constraints of invariable mass and non-negativity of
λ(x):
m =
∫
l
0
λ(x)dx and λ(x) > 0 ∀x ∈ [0, l] (4)
In order to take account of the constraints one introduces a Lagrange-multiplier µ with
which the functional reads as follows:
F [λ] = Etot[λ]− µ
[
m−
∫
l
0
λ(x)dx
]
(5)
Variation of the functional Eq. (5) leads to the following Euler-Lagrange-equation.1,5:
kl0λ0
2
(
1
λ20
−
1
λ2(x)
)
− gx+ µ = 0 (6)
From the latter equation one deduces (λ0l0 = m):
λ(x) =
λ0√
1 + 2µm
kl2
0
−
2mg
kl2
0
x
(7)
The Lagrange-multiplier µ in Eq. (5) is fixed by the constraint Eq. (4). A short calculation
yields:
µ =
k
2m
(l2 − l20) +
mg2
8k
+
gl
2
(8)
By inserting µ into Eq. (7) one gets the final form for the linear mass density λ(x). For
further calculations an expression in terms of dimensionless variables is convenient. The
reduced mass density λ˜ := λ
λ0
reads then:
λ˜(x˜) =
1√
(α
2
+ l˜)2 − 2αx˜
, 0 < x˜ < l˜ (9)
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where the dimensionless parameters read:
α :=
mg
kl0
x˜ :=
x
l0
l˜ :=
l
l0
(10)
reduced mass density
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FIG. 2: reduced mass density λ˜(x˜) of Eq. (9) for α = 0.8 (dotted curve) and α = 1.5 (solid). For
both plots: l˜ = 1.3
III. HEAVY SPRING SUSPENDED AT THE TOP END WITH LOAD
In this section we calculate the linear mass density λ(x) for a static spring of mass m and
stiffness k which is suspended only at the top end. The spring is loaded with an additional
mass M at the bottom end. The calculation can be done in almost the same manner as in
the previous section. The calculation starts again with the same functional Eq. (7) which
has to be minimized. To fix the Lagrange-multiplier µ one can use the fact that at the
bottom end the spring is only deformed by the additional load M . It is a simple task to
derive the spring’s mass density λ(l) at the bottom end, as shown in the following.
dx denotes an infinitesimal intervall of the suspended spring at the bottom end. The corre-
sponding natural (undeformed) length of dx is denoted by dx0. By Hooke’s law one has:
k′(dx− dx0) =Mg (11)
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FIG. 3: free hanging ideal spring of stiffness k, natural length l0 and mass m. The elongation ∆x
is due to the spring’s own weight and additional load M .
where k′ denotes the stiffness of the spring of infinitesimal length dx0 which is given by:
k′ = k
l0
dx0
(12)
Inserting the latter expression into Eq. (11) one gets:
kl0
(
dx
dx0
− 1
)
=Mg (13)
By using the relation: λ0
λ(l)
= dx
dx0
one arrives at:
kl0
(
λ0
λ(l)
− 1
)
=Mg (14)
Solving for λ(l) yields:
λ(l) =
λ0
1 + Mg
kl0
(15)
For an unloaded spring (i. e. M = 0) the density at the bottom is, as expected, identical to
λ0 since the spring does not experience any weight at the bottom. Then by Eq. (7) one gets
the Lagrange-multiplier µ:
µ = gl +
M
m
gl0 +
M2g2
2mk
(16)
At this stage one can determine the total length l of the spring by imposing once more the
constraint of invariable mass: ∫ l
0
λ(x)dx = m (17)
5
Rewriting the latter integral in terms of the usual dimensionless variables (by adding the
dimensionless parameter β := Mg
kl0
) one gets:
∫ l˜
0
dx˜√
(1 + β)2 + 2α(l˜− x˜)
= 1 (18)
Evaluation of the integral and solving for the total relative length l˜ gives:
l˜ = 1 +
α
2
+ β (19)
or respectively:
l = l0 +
mg
2k
+
Mg
k
(20)
For an unloaded spring (i. e. M = 0) the elongation ∆x due to its own weight is given by
∆x = mg
2k
which is a well known result.4,6 By Eq. (19) one gets immediately an expression
for the reduced mass density:
λ˜(x) =
1√
(1 + α + β)2 − 2αx˜
, 0 < x˜ < l˜ (21)
reduced mass density
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FIG. 4: Typical plot of the reduced mass density λ˜(x˜) given by Eq. (21) for no load (M = 0) and
α = 1.5. At the bottom end of the spring (i. e. x = l0+
mg
2k ) one has a reduced mass density which
assumes the value λ˜ = λ(l)
λ0
= 1 as shown by the plot.
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IV. RELATIVE CHANGE OF ∆Epot VS. ∆Ed
The distribution of mass along the suspended spring is fixed by the condition of minimiz-
ing total energy. It is interesting to determine the ratio ∆Epot
∆Ed
of relative change in potential
energy and deformation energy induced by the spring’s deformation.
A. spring with fixed ends
The relative change in potential energy is given by:
∆Epot = −
∫ l
0
xλ(x)dx+
1
2
mgl0 = −mgl0
∫ l˜
0
x˜dx˜√
(α
2
+ l˜)2 − 2αx˜
+
1
2
mgl0 (22)
The latter integral can be evaluated easily, one gets then
∆Epot = −mgl0
α
12
(23)
From the latter result one concludes that the lowering of the center of mass is given by:
∆x =
α
12
l0 =
mg
12k
(24)
On the other hand, the relative change in the deformation energy is given by the following
expression:
∆Ed =
1
2
kl0
∫ l
0
(
λ0
λ(x)
− 2 +
λ(x)
λ0
)
dx−
1
2
kl20(l˜ − 1)
2 (25)
In dimensionless form the later expression becomes:
∆Ed =
1
2
kl20
∫ l˜
0

√(α
2
+ l˜
)2
− 2αx˜− 2 +
(√(α
2
+ l˜
)2
− 2αx˜
)
−1

 dx− 1
2
kl20(l˜−1)
2 (26)
Evaluation of the latter expression yields:
∆Ed =
1
24
kl20α
2 (27)
We conclude therefore:
∆Epot
∆Ed
= 2 (28)
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B. spring suspended at top end
To calculate the change in potential energy ∆Epot one determines the center of mass
(CM) of the suspended spring. It is given by the integral:
CM =
1
l0
∫ 1+mg
2k
0
xdx√
(1 + mg
l0k
)2 − 2mg
kl0
x
(29)
Once again, in dimensionless form one has:
CM = l0
∫ 1+α
2
0
x˜dx˜√
(1 + α)2 − 2αx˜
=
(
1
2
+
α
3
)
l0
=
l0
2
+
mg
3k
(30)
Due to the self weight of the spring the center of mass lowers by an amount of mg
3k
which is
a known result.8 With this result one determines immediately ∆Epot:
∆Epot = −
1
3
k
(mg
k
)2
(31)
The change in deformation energy is readily evaluated. One has:
∆Ed =
1
2
kl20
∫ 1+α
2
0
[√
(1 + α)2 − 2αx˜− 2 +
(√
(1 + α)2 − 2αx˜
)
−1
]
dx−
1
2
kl20(l˜−1)
2 (32)
Evaluation gives:
∆Ed =
1
6
kl20α
2 =
2
3
k
(mg
2k
)2
(33)
Interestingly, one gets the same ratio:
∆Epot
∆Ed
= 2 (34)
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